HOMOTOPY INVARIANCE OF AF-EMBEDDABILITY 
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Abstract. We prove that AF-embeddability is a homotopy invariant in the class of separable 
exact C*-algebras. This work was inspired by Spielberg's work on homotopy invariance of AF- 
embeddability and Dadarlat's serial works on AF-embeddability of residually finite dimensional 
C*-algebras. 



1. Introduction 



Kirchberg Q showed a remarkable theorem that a separable exact C*- algebra is nuc learly 



embeddable and is ^-isomorphic to a quotient of a subalgebra of the CAR algebra. (See [D3| for a 
different proof.) However, the class of C*-algebras which are ^-isomorphic to subalgebras of AF- 
algebras (i.e., AF-embeddable C*-algebras) is more restrictive. An AF-embeddable C*-algebra 
has to be exact and quasidiagonal. Thus a major open problem on AF-embeddability is that 



whether the converse is true. This problem has the affirmative answer y|, |D4| for a separable 
residually finite dimensional (RFD) C*-algebra which satisfies the universal coefficient theorem 
(UCT). We refer the reader to Wassermann's lecture notes and Brown's survey |^] respectively 
for the information of exactness and of quasidiagonality. Spielberg |^ studied AF-embeddability 
of extensions and related AF-embeddability to homotopy types of C*-algebras. Voiculescu 
then proved that quasidiagonality is a homotopy invariant. This, in turn, is used to show the 
homotopy invariance of AF-embeddability in the class of separable exact C*-algebras. Following 
Voiculescu 0, we say a C*-algebra A is homotopically dominated by a C*-algebra B if there are 
*-homomorphisms ip: B and ip: B A such that ipip is homotopic to id^i. 

Theorem 1. If A is a separable exact C* -algebra which is homotopically dominated by an AF- 
embeddable C* -algebra B, then A is AF-embeddable. 

This theorem immediately follows from the next two propositions. The first is inspired by serial 



works [^], 1^ of Dadarlat on AF-embeddability of RFD C*-algebras and the second 

is essentially same as Theorem 3.9 of Spielberg ||s| (namely, he proved it under an assumption on 
the UCT). We are indebted to Takeshi Katsura for clarifying Spielberg's argument to us. 

Proposition 2. The cone CA over a separable exact C* -algebra A is AF-embeddable. 



Proposition 3. Let A be a separable C* -algebra whose cone CA is AF-embeddable. Suppose that 
A is homotopically dominated by an AF-embeddable C* -algebra B. Then A is AF-embeddable. 

2. Proof of Proposition |^ 

Definition 4. Let F C C be a finite subset of a unital C*-algebra C and let e > 0. For a unital 
completely positive (ucp) map Lp from C into a full matrix algebra Mp, we give the following 
definitions. 
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Wesay(/7is (F,e)-multiplicative if ¥'(/)>(/) II < e and \\ip{f f*) ~ ip{fMf)*\\ < £ for 

f E F. We say (p is {F, e)-suitable if it is (F, £)-niultiplicative and there are a faithful representation 
C C M{n) and a ucp map a:Mp^ B(7i) such that ||/ - aip{f)\\ < £ for / e F. For a ucp map 
-0 : C ^ Mg, we denote by © V the ucp map C 9 / i— > diag((^(/), ■0(/)) € Mp+q and denote the 
n-fold sum ip Q) ■ ■ ■ (B (p hy rup. For a ucp map ip: C ^ Mp, we write ip '^F,ei^ if there is a unitary 
u e Mp such that \\ipif) - u-0(/)u*|| < £ for / G F. 

Although, we are not going to use this fact, we remark that any ucp map p satisfies 

||^(a6) - ^(a)^(6)|| < ||^(aa*) - (p(a)(p(a)* ||i/2||^(6*6) - ^(6) ^2 

for any a and b (cf. [Q). This justifies the term '(F, £)-multiphcative'. The definition of (F, £)- 
suitability is essentially same as the (F, £)-admissibility of Dadarlat [D3| and it was proved by 
Dadarlat |D2| that for any exact quasidiagonal C*-algebra C, any finite subset F C C and any 
£ > 0, there is an (F, £)-suitable ucp map from C into a matrix algebra. 
We note the following easy facts as a lemma. 

Lemma 5. // p^p^^^ and ip^F,sP, then (p ^p^^^^f, P- If P^j cmd are ucp maps such that 
fj ^F,e 4'j for all j = 1, . . . , k, then P^j ^F.e ■ If f {F, e) -suitable and is (F, e)- 

multiplicative, then p ® is {F, e) -suitable. 



The following is our main tool. This is essentially due to Dadarlat |D3], but we include the 
proof for completeness. 

Lemma 6. We put h{e) = 5^/£ and let F be a finite set of unitaries in a unital C* -algebra C and 
£ > 0. If p: C Mp is an (F, e)- suitable ucp map and ^: C Mg is an {F, e) -multiplicative 
ucp map, then there are n G N and an {F,h{e)) -multiplicative ucp map p: C M„p_g such that 

np-^F,h(e) 1p® P- 

Proof. Let C C B(?i) be a faithful representation and let a: Mp B(7i) be a ucp map with 
\\f — ap{f)\\ < £ for / G F. Let V^: M{Ti) Mg be a ucp extension of V'- Applying the Stinespring 
theorem to the ucp map -ipa: Mp — > Mg, we find n G N, an isometry v: £2 ^ ^2 ^ ^2 such that 
ipaix) = v*{l (g) x)v for all x G Mp. Thus denoting <i> — np, we have that \\v*^{f)v — i'{f)\\ < £ 
for f G F. For the range projection e = vv* of v, it is routine to verify ||(1 — e)$(/)e|| < and 
||e$(/)(l — e)|| < 2y/e for f G F (we recall that / G F is a unitary). Thus, defining a ucp map p 
from C into M„p_g = (1 - e)(M„ (g) Mp)(l - e) by p{f) = (1 - e)$(/)(l - e), we are done. □ 

Given a unital separable exact C*-algebra A, we define, for each f G [0,1], a unital exact 
contractible C*-algebra C{t) by 

C(<) = {/GC([i,l],A):/(l)GCU}. 

We note that C := C(0) is the unitization of the cone CA over A and C(l) = C. We will prove 
that C is AF-embeddable. It follows from Voiculescu's theorem Q that C{t) is quasidiagonal for 
every t G [0, 1]. We denote by n{t) : C C{t) the natural projection from C onto C{t) and denote 
by d{t) : C{t) C the *-homomorphism given by 



fit) iis<t 
f{s) ifs>t 



for f G C. We note that (j{t) :— o-(t)7r(t) is a continuous path of *-endomorphisms on C with 
cr(0) = idc and cr(l)(C) = Clc- 

Lemma 7. Let C be as above. We give ourselves the following: 
(i). a finite set Fq of unitaries in C , £0 > 0, 
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(ii) . iVo e N so that ||/(s) — /(OIU < for any f £ Fq and any s,t £ [0, 1] with \s — t\ < 

(iii) . <5o > so that h'^'^°{So) < eq, (we recall that h{d) = bVS) 

(iv) . for each t G {0, -j^, . . . , ^'^^ }, a (7r(t)(Go), So)-suitable ucp map ^o(i) from C{t) into a 

full matrix algebra D{){t), where 

Go = {a{t){f) : / e Fo, i = 0, . . . , 1} C C 

is the finite set of unitaries and 9o{l) idc(i). 

Then, for any finite set Gi of unitaries in C , Ni € N which is a multiple of Nq and Si > 0, there 
are, for each t S {0, -^j^,. . . , ^ } , a {-k (t) [Gi), 6 1)- suitable ucp map 9i{t) from G{t) into a 
full matrix algebra Dx{t) and positive integers nt{s) G N for s G {0, . . . ,1} with s > t such 

that 

s>t 

where Oi{t) — 6i{t)T:{t) and Oo{s) — 9(){s)t:{s) for every s. 

Proof. We may assume that Gi D Go and 5i < Sq. For each t G {0, . . . , ^ } , we take 

a (7r(t)(Gi), (5i)-suitablc ucp map i>{t) from C{t) into a full matrix algebra (which exists as it was 
shown by Dadarlat Q) and let iy{t) = v(t)TT{t). We now fix t G {Q,^,^,... , ^^^} and wiU 
construct 6i{t). 

Let fc G N U {0} be such that < t < We note the crucial fact that cr(;j^)(Go) C Go 
for every j = 0, 1, . . . , iVo. Applying Lemma ^ to doi^) and iy{t)a{^), we find rit{^) and a 
(7r(j^)(Go), /i((5o))-multiplicative ucp map p{^) from G(-j^) into a full matrix algebra such that 
p(Wo) ■=PiWo)^(Wo) satisfies 

Applying Lemma ^ to and p{^), we find rn{^) and a (7r(-j^)(Go), /i^((5o))-multipHcative 

ucp map /i(i^) from G(-^) into a full matrix algebra such that fJ-{^) '■— satisfies 

Since p{^)S'{^^) is (7r(^jj!-)(Go), /i^(5o))-multiplicative, we can further apply Lemma^ and find 
n((^^) and a (7r(^^)(Go), ft-'^((5o))-multiphcative ucp map from G(^^) into a full matrix 

algebra such that pi^) := p(^)7r(^) satisfies 

Continuing in this way, for each j with k < j < Nq, we find n-t(-^) and a (Go, h'^'^^"'''^'^'^ {6q))- 
multiplicative ucp map p(-j^) fromG(j^) into a full matrix algebra such that p{jj^) ■= Pi^o'^'^^No'^ 
satisfies 
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and find and a (Gq,/!^*-^ '^^^^ ((5o))-niultiplicative ucp map i^-i^) from C{^) into a full 

matrix algebra such that fJ'ijj^) ■— i^{^)'^iNo'^ satisfies 

Finally, let nt(l) be so that 

iVo 

(recall that C(l) = C). Since |lcr(^)(/) - cr(^)(/)||c < eo for every f e Fq and every j = 
0, 1, . . . , iVo, it follows from Lemma that 

„ , . , k ^ , k ^ ,fc + l,,fc + l^ , -/Vn — Is , A^n — 1 X 

01 W :=Ki) ® m(— )^.( — ) e rn(— — )^.(— — ) ® • • • ® m{^—)v{^—) 

iVo iVo iVo iVo iVo iVo 

Go,/i^"o(5(,) V -^0 iVo / V ^0 ^0 

/ ,iVo - 1, ,iVo - 1. 
/^*(Tr)^^o(^)®«t(-r^)0o(-r^)®---®n,(^^)0o(^^)®ntm(l). 

Go,/i2"o(5(,) Wo Wo Wo Wo Wo Wo 

Since 9i{t) is of the form 6i{t) = di{t)n{t), we complete the proof by Lemma ^. □ 

Now, it is not hard to show the proposition. 

Proof of Proposition [|. Fix a dense sequence {fi)^i in the set of unitaries of C and let Fk ~ {fi : 
1 < I < k}. For each k, we take Nk S N which is a multiple of W^fe-i such that ||/(s) — f{t)\\A < ^ 
for any f £ Fk and any s,t £ [0, 1] with \s ~ t\ < ^ and take > so that h?'^''{5k) < Let 
Gfc = {(T(t)(/) : f £ Fk, i = 0, -j^, . . . , 1} C G be a finite set of unitaries. By recursive use 
of Lemma 1^, we find a (7r(i)(Gfc), (5fc)-suitable ucp map Ok{t) from C{t) into a full matrix algebra 
Dk{t) for each fc G N and t G {0, ... ,1}, with ^fe(l) = id(7(i), and positive integers n[''\s) 

for t e {0, ^vTTT' 1v|;T' • ■ ■ : 1} and s € {0, ^, jI^, . . . , 1} with s > t such that 

where 9k(t) ~ 0k{t)T^k{t) for every k and t (in particular, n^'^''(l) = 1 for all fc). 

We let Ok = dk{t) be the (F^, ^)-suitable ucp map from G into the finite dimensional G*- 
algebra Dk = ®t^k{t) (we apologize an abuse of the notation; Dk is not a full matrix algebra). 
Then, the embedding of Dk into Dk+i is given along {n^^\s))s,t so that it satisfies 

W+iif) - ikek{f)\\ < ^ 



for / e Fk- Now, one can embed G into the AF-algebra £> — [JkeN^k through {9k)k(^fi- (This 
embedding is indeed multiplicative as all unitaries in G are contained in the multiplicative domain 
iQ.) This completes the proof. □ 
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3. Proof of Proposition || 

The proof goes as that of Theorem 3.9 in Spielberg but we avoid the UCT. 

Proof of Proposition Let (p: A ^ B and ip: B A he *-homoniorphisms such that there is 
a continuous path (7(i))tG[o,i] of *-endomorphisms on A with 7(0) = id^ and 7(1) = ipV- Let 
CA = Co([0, 1),^) be the cone over A and let Z.^ = G C([0,1], A) ® B : /(I) = V(&)} be 

the mapping cylinder of tp. Then, we have a short exact sequence CA Z^ ^ B ^ Q which 
clearly splits. We note that A is embedded into Z^ through 7 Since CA is AF-embeddable, 
we may find the following commutative diagram (cf. 1.11 in [^) with exact rows: 

> CA > Z^ > B > 

1 1 II 

> J > E > B > 

where the vertical *-homomorphisms are all injective and J is an AF-algebra. Since the lower row 
again splits, we obtain the AF-embeddability of E as in Lemma 1.13 in □ 
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